BOREL STRUCTURE OF THE SPECTRUM 
OF A CLOSED OPERATOR 

PIOTR NIEMIEC 

Abstract. For a linear operator T in a Banach space let <Jp{T) 
denote the point spectrum of T, crp[„] (T) for finite n > be the set 
of all A £ crp(T) such that diniker(r — X) = n and let ap^oo]{T) be 
the set of all A G crp{T) for which kcr(T — A) is infinite-dimensional. 

^^ . It is shown that <Jp{T) is Jv, (Jp^oo\{T) is TaS and for each finite n 

the set crp[„i (T) is the intersection of an Jv and a Qs set provided T 
is closable and the domain of T is separable and weakly a-compact. 
For closed densely defined operators in a separable Hilbert space 

C^^ . % more detailed decomposition of the spectra is done and the alge- 

bra of all bounded linear operators on % is decomposed into Borel 
parts. In particular, it is shown that the set of all closed range 
operators on % is Borel. 
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1. Introduction 



Let ?{ be a separable Hilbert space. As it is easily seen, any subset 
of the complex plane is the point spectrum of an unbounded linear 
^ ■ operator acting on 7/. To see this, note that the dimension of 7^ as a 

O I vector space is equal to the power of the continuum; take a Hamel basis 

{e^lsgR of Ti and any function ip: M — )■ C, define A: "H — t- H by the rule 
Acs = ip{s)es, and observe that the point spectrum of A coincides with 
the image of the function / (see also [7, Example 2]). So, non-Borel 
subsets of C may be the point spectra of certain linear operators acting 
cd \ on "H. It is also worth while to mention that every bounded subset of 

C is the point spectrum of a bounded normal (even diagonal) operator 
on a nonseparable Hilbert space. However, all densely defined linear 
operators in separable Hilbert spaces whose point spectra are non-Borel 
which appear in all existing examples in the literature are nonclosed. 
It was therefore quite natural to ask for such an example in the class 
of closed operators. In the recent paper we will show that such an 
example does not exist. More generally, we will prove the following 
result (see Theorem 3.5 and Theorem 4.2): 

Let X be a (real or complex) Banach space and T be a 
closable operator in X whose domain is separable and 
weakly a-compact. Then the point spectrum of T is T^ 

1 



2 P. NIEMIEC 

and for each n ^ 1 the set of all scalars A such that the 
kernel ofT — X is n-dimensional is J-'^g. 

In particular, the above theorem apphes to the point spectrum of a 
closed operator in "H, which solves the problem posed in [7] (see Ques- 
tion after Example 2 there). Partial solution of this issue for certain 
classes of closed operators in Hilbert spaces may be found e.g. in [13, 
Corollary 7]. In Example 3.9 we give a simple example of a bounded 
densely defined operator in "H whose point spectrum coincides with 
an arbitrarily given uncountable subset of the unit disc. The prob- 
lem whether the point spectrum of a bounded operator in a separable 
nonreflexive Banach space is Jv we leave as open. 

Since the celebrated paper by Cowen and Douglas [3] was published, 
the point spectra of bounded linear operators are widely investigated 
and those operators which have these spectra rich have attracted a 
growing interest, see e.g. [9], [17], [6] or [7] and references there. 

Notation. In this paper Banach spaces are real or complex and they 
need not be separable, and IK is the field of real or complex numbers. 
By an operator in a Banach space X we mean any linear function from 
a linear subspace of X into X and such an operator is on X if its 
domain is the whole space. For an operator T in X, 2?(T), 3\f(T), !3^(T) 
and 'Jl{T) denote the domain, the kernel, the range and the closure of 
the range of T, respectively. For a scalar A G IK, T — A stands for the 
operator given by the rules: D(T— A) = !D(T) and {T—X){x) = Tx—Xx 
{x G !D(T)). The point spectrum of T, o"p(T), is the set of all eigenvalues 
of T; that is, <Jp{T) consists of all scalars A G K such that Ji{T — A) is 
nonzero. The operator T is closed iff its graph T{T) := {{x,Tx): x G 
2)(T)} is a closed subset of X x X. T is closable iff the norm closure 
of r(T) in X X X is the graph of some operator in X. Whenever E 
and F are Banach spaces, B{E, F) stands for the space of all bounded 
operators from the whole space E to F. A subset of a topological 
space is said to be a -compact if it is the union of a countable family of 
compact subsets of the space. A weakly a-compact subset of a Banach 
space is a set which is o"-compact with respect to the weak topology 
of the space. A Borel subset of a topological space is a member of 
the (T-algebra generated by all open sets in the space. Adapting the 
notation proposed by A.H. Stone [14], a subset of a topological space 
which is the intersection of an open and a closed set is called by us {of 
type) J-' (1 Q. Similarly, any set being the intersection of a Qs and an 
Jv set will be said to be Jv H ^5. 

2. Arbitrary closed operator in a Banach space 

In this and next sections X denotes a Banach space. 
Recall that a Souslin set is a metrizable space which is the contin- 
uous image of a separable complete metric space (see the beginning 
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of Chapter XIII of [8] and Theorem XIII.l.l there, or Appendix in 
[15]). Souslin subsets of separable complete metric spaces are abso- 
lutely measurable, i.e. whenever A is a Souslin subset of a separable 
complete metric space Y and /i is a nonnegative o"-finite Borel measure 
on Y, there are Borel subsets B and C oiY such that B G A G C and 
/x(C \B) = (see e.g. [15, Theorem A.13]). 
We begin with 

2.1. Proposition. Let T be a closable operator in X whose domain is 
the image of a separable Banach space under a bounded operator. The 
point spectrum of T is a Souslin subset o/ K. In particular, crp{T) is 
absolutely measurable. 

Proof. Let E he a separable Banach space and S G B{E, X) be such 
that S{E) = D(T). Passing to the quotient of E by J^^S), we may 
assume that S is one-to-one. Since T is closable, the operator C = 
TS: E ^ X is bounded (by the Closed Graph Theorem). Notice that 
ap(T) = {A G K: X((T-A)5) = J<{C-\S) ^ {0}}. Let W be the set 
of all X G E such that ||a;|| = 1 and Cx = \{x)Sx for some \{x) G K. 
We have obtained a function \: W ^ K with \(W) = cTpiT). So, to 
finish the proof it suffices to show that W is closed and A is continuous. 
Suppose Xn G W and a;„ — > a; G X as n — ?> oo. Then ||a;|| = 1 
and hence Sx ^ 0. We infer from this that the sequence (A(x„))^^ is 
bounded because |A(a;„)| = L^" — )■ jUfr (n — )■ oo). Now if (A(x„;.))^i 
is any subsequence which converges to some w G K, then Cx = wSx. 
This shows that x G W and w = \{x). So, W is closed and A is 
continuous. D 

Now since the domain of a closed operator is the image of its graph 
under the projection onto the ffist factor. Proposition 2.1 applies to 
closed operators in separable Banach spaces and gives 

2.2. Corollary. The point spectrum of a closed operator in a separable 
Banach space is Lebesgue measurable. 

In the next section (Corollary 3.7) we shall prove that the point spec- 
trum of a closed operator in a separable reflexive Banach space is Borel 
(even Jv). We do not know whether the assumption of reflexivity may 
be relaxed in this. 

Question 1. Is the point spectrum of a bounded operator on a sepa- 
rable Banach space Borel? 

3. Operators with weakly (t-compact domains 

For an operator T in X, a subset K of X and a nonnegative real 
constant M, let 

At{K, M) = {w G K: K(T - w) n ir ^ and \w\ ^ M}. 
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Notice that Kt{K.,M) consists of all w G K with \w\ ^ M provided 
G iT. The main tool of this section is the following 

3.1. Lemma. If T is a closable operator in X and K is a weakly 
compact subset ofTi(T), then the set At{K,M) is compact for every 

Proof. We may and do assume that ^ K. Let W be the set of all 
X E K for which there is (unique) \{x) G K such that Tx = \{x)x 
and |A(a;)| ^ M. Thus we have obtained a function A: W^ — ?■ K. Since 
\{W) = At{K,M), it suffices to show that W is weakly compact and 
A is continuous when W is equipped with the weak topology. 

Let X = (a;o-)cr6S be a net in W which is weakly convergent to some 
X E K. We need to show that x E W and \im.„^j^\{x„) = A(x). 
If (a;^)^gs' is a subnet of X such that hm^-gs' \{xt-) = w E K, then 
{xr,Txr)TeT.' is weakly convergent to {x,wx). Since the norm closure 
of r(T) is weakly closed (and is the graph of some operator), we infer 
from this that Tx = wx and thus x E W and A(a;) = w. Since X{W) is 
bounded and any convergent subnet of {\{xa))aeT, has the same limit, 
the latter net converges to A(a;) and we are done. D 

With use of the foregoing result we now easily prove the following 

3.2. Proposition. IfT is a closable operator in X such that 2)(T)\{0} 
is weakly a -compact, then <yp{T) is T„. 

Proof. Write 2)(T) \ {0} = IJ^i -^« with each Kn weakly compact, 
note that A G <yp{T) iff A G AxlKnjm) for some natural n and m and 
apply Lemma 3.1. D 

For applications of the above result, we need the next well known 
fact. For reader convenience, we give its short proof. 

3.3. Lemma. Every weakly compact subset of X which is separable in 
the norm topology is weakly metrizable. 

Proof. Let i^ be a separable weakly compact subset of X. Then 
{K — K) \ {0} is separable as well and thus there is a sequence of 
linear functionals /„ : X — )■ K of norm 1 such that for every nonzero 
z E K — K there is n with fn{z) 7^ 0. Observe that then the family 
{/n}ngN separates the points of K. Finally, since K is weakly compact, 
the formula K 3 x ^ {fn{x))neN e A^ with A = {w G K: \w\ ^ 1} 
defines a topological embedding of K (equipped with the weak topol- 
ogy) into the compact metrizable space A^. D 

Now we have 

3.4. Proposition. IfV is a linear subspace of X , then'D\{Q} is weakly 
a -compact iffD is separable and weakly a -compact as well. 
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Proof. First assume that V is separable and V = IJ^^^ Kn with each 
Kn weakly compact. By Lemma 3.3, Kn is weakly metrizable and thus 
Ln := Kn\{0} is an J^-subset of Kn with respect to the weak topology. 
So, V \ {0} = U^i ^n s-iid each L„ is weakly cr-compact. 

Conversely, if P\ {0} is weakly cr-compact, so is V and {0} is weakly 
Qs in ^- Thus, by the definition of the weak topology, there are 
sequences {fn)'^=i and {en)'^=i of continuous linear functionals on X 
and of positive real numbers (respectively) such that {0} = V n {x E 
X: \fn{x)\ <en, n = 1,2,...}. In particular, n"=i WO n P = {0} 
and therefore the function ip: V 3 x ^-^ {fn{x))'^^i G K^ is one-to-one. 
What is more, ip is continuous with respect to the weak topology on V 
and the product one on K^. So, ip restricted to any weakly compact 
subset K of P is a topological embedding and therefore every such 
K is weakly separable. We conclude from this that V itself is weakly 
separable, being weakly cr-compact. Finally, if A is a countable weakly 
dense subset of V and S is the norm closure of the linear span of A, 
then S is separable and weakly closed. The latter implies that V G S 
and we are done. D 

It follows from Proposition 3.4 that Proposition 3.2 is equivalent to 

3.5. Theorem. If T is a closable operator in X whose domain is sep- 
arable and weakly a -compact, then crp{T) is Jv. 

By Baire's theorem, a Banach space is weakly o"-compact iff it is 
reflexive. Thus Theorem 3.5 applies mainly to reflexive spaces. For 
example: 

3.6. Corollary. If T is a closable operator in X whose domain is sep- 
arable and is the image of a reflexive Banach space under a bounded 
operator, then (Jp(T) is Jv. 

Now argument used in the note just before Corollary 2.2 shows that 

3.7. Corollary. The point spectrum of a closed operator in a separable 
reflexive Banach space is Ta- In particular, the point spectrum of a 
closed densely defined operator in a separable Hilbert space is Jv. 

The second statement of the above result answers in the affirmative 
the question posed by Jung and Stochel in [7]. 

3.8. Remark. Corollary 3.7 for bounded operators may also be proved 
in a different way. Namely, if T is a bounded operator on a separable 
reflexive Banach space X (respectively a closed densely defined oper- 
ator in a separable Hilbert space "H), then, by the refiexivity of X, 
?sf(T) = {0} iff the range of the dual operator T': X' — )■ X' (respec- 
tively iff the range of the adjoint operator T*) is dense in X' (in %). 
So, o'p(T) consists of precisely those A G K for which 3?(S'a) is not 
dense in X' (in "H) where S\ = T' — \ {S\ = T* — X). Consequently, if 
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{yn}'^=i is a dense sequence in X' (in "H), then 

^p(^)= u n ^(^.^,^) 

with F{n,m,x) := {A G K: \\SxX — i/„|| ^ — }. We infer from the 
closedness of F{n, m, a;)'s that indeed o'p(T) is Jv. This elementary and 
simpler proof does not work in case when T is only closable. Moreover, 
this approach hides the crucial property of reflexivity for this issue 
revealed by Lemma 3.1, namely the weak a-compactness of the domain 
of an operator. 

3.9. Example. Let "H be a complex separable infinite-dimensional Hil- 
bert space and let S": "H — )• "H be the backward shift with respect 
to the orthonormal basis £ = (e„)5^o of "H; that is, 6*60 = and 
Sen = e„_i for n ^ 1. Let D be the open unit disc in C and ip: 3 3 
z I— 7- Xl^o-^"^™ ^ ^- R-scall that o^iS) = D, Stp{z) = zip{z) for each 
z G D and the image of ip is linearly independent. What is more, the 
linear span Dp of ip{F) is dense in l-i for every uncountable subset F 
of D. (To see the latter, note that if x is orthogonal to ip{F), then 
Yl'^=o ^n.z"' = for each z & F where x„ is the n-th Fourier coefficient 
of X in the basis S. Thus x„ = for any n and a; = as well.) So, the 
restriction Sp of S to Vp is a bounded densely defined operator in T-t 
such that aplSp) = F. The example shows that in Theorem 3.5 the 
domain of a closable operator has to have additional properties beside 
the separability. 

3.10. Example. The inclusion map of L°°[0, 1] into L^[0, 1], as the 
dual operator of the inclusion map of -^^[0, 1] into L'^[0, 1], is continu- 
ous with respect to the weak-* topology of the domain and the weak 
one in L^[0,1]. This implies that L°°[0,1], considered as a subspace 
of L^[0,1], is weakly a-compact. However, there is no closed opera- 
tor in L^[0, 1] whose domain is L°^[0, 1] (compare with the remark on 
page 257 in [5]). The example shows that Theorem 3.5 can have quite 
natural applications also for nonclosed operators and that it is more 
general than Corollary 3.6 which does not apply here, since there is 
no bounded operator on a refiexive Banach space into L^[0, 1] whose 
image is L°^[0, 1] (again, by the remark on page 257 in [5]). 

4. Decomposition of the point spectrum 

Let T be an operator in X. For n ^ 1 let crp[„](T) be the set of all A G 
IK such that dim3\f(T — A) = n and let (jp[oo](T) = o'p(T) \|J^-,^ (rp[n](T). 
Our aim is to show that all just defined sets are Borel provided T is 
closable and has separable and weakly a-compact domain. To do this, 
we need 
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4.1. Lemma. If V is a T2 topological vector space, then for each n ^ 2 
the set F[n] of all {xi, . . . , x„) G V"' such that Xi, . . . ,Xn are linearly 
dependent is closed in the product topology ofV^. 

Proof. Let A = {A G K: |A| ^ 1}. For a permutation r of {1, . . . ,n} 
let Fr be the set of all n-tuples {xi, . . . ,x„) G V"' such that Xr(i) = 
Yl]j=2 ■^j^rij) for some A2,...,A„ G A. Notice that F[n] = IJ?=i -^-r,- 
where Tj{1) = j, Tj{j) = 1 and Tj{k) = k ioi k ^ 1, j. So, it suffices to 
show that F^ is closed. But F^ = p(<l>~^({0}) where p: A""^xV^" -)■ y" 
is the projection onto the second factor and 

n 

$: A"~^ X \/" 9 (A2,...,A„;a;i,...,a;„) ^ Xi -^\jXj G V. 

i=2 

Since A"~^ is compact, p is a closed map and we are done. D 

The main result of the section is the following 

4.2. Theorem. If T is a closable operator in X whose domain is sep- 
arable and weakly a-compact, then (jp\,n]{T) is Jv fl Qs for finite n and 
(^p[oo]{T) is TaS- 

Proof First fix finite A^ > 0. Let F[l] = {0} C X and F[A^] be as 
in the statement of Lemma 4.1 for A^ > 1. By Lemma 4.1, F[N] is 
weakly closed in X^ . Write 2)(T) = IJ^i -^n with each Kn weakly 
compact. By Lemma 3.3, all K^s are weakly metrizable and hence 
(nj=i ^n,) \ F[N] is Jv in Ylj^i Kn^ for any ni, . . . , uat when each if„ 
is equipped with the weak topology. So, 'I){T)^ \F[N] may be written 
in the form 

CX) 

(4-1) V{Tf\F[N] = [JLr, 

n=l 

where each L„ is a weakly compact subset of X^ . Put S: 'D{T)^ 3 
{xi, . . . , xn) h- {Txi, . . . , Txn) G X^ and observe that S* is a closable 
operator in X^. Thanks to Lemma 3.1, the set As{Ln,m) is compact 
for all natural n and m. So, Gjv := [Jnm.-^s{Ln,m) is Jv. But Gat is 
the set of all A G <yp{T) such that 3\f(T — A) is at leastX-dimensional, 
by (4-1). 

Now observe that for finite n, ap[n] (T) = G„ \ Gn+i and thus (Tp[„] (T) 
is Jv n Qs- Finally, since (Tp[oo](T) = nr=i ^n, <Tp[oo](T) is J^^s- □ 

5. Decomposition of the spectrum: Hilbert space 

From now on, ?^ is a complex separable infinite-dimensional Hilbert 
space and B{'H) = B{l-i,'H). Every subset of B{l-i) which is Borel 
with respect to, respectively, the weak operator, the strong operator 
or the norm topology is called by us, respectively, WOT-Borel, SOT- 
Borel and shortly Borel. Similarly, if /: S* — ?> BlTi) with S C B{'H) 
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is such that S and the inverse image of any WOT-Borel (respectively 
SOT-Borel; Borel) set is WOT-Borel (SOT-Borel; Borel) is said to be 
WOT-Borel (SOT-Borel; Borel). A fundamental result in this topic 
says that every WOT-Borel set is SOT-Borel and conversely (see e.g. 
[4]). Thus the same property holds true for WOT-Borel and SOT-Borel 
functions. Therefore we shall only speak on WOT-Borel and Borel sets 
and functions. Whenever in the sequel the classes Jv, Qs, J^ ^G, etc., 
appear, they are understood with respect to the norm topology. 

We are interested in the decomposition of i3('H) into Borel sets each 
of which collects the operators of a similar type. For n = 0,1,2,... 
let S„('H) be the set of all operators A G B{T-L) such that dim3^(A) = 
n. Further, for n,m = 0,l,2,...,oo let, respectively, S^^('H) and 
Sn,m(^) consist of all A G Bin) such that dimX(A) = n, dim Jl{A)^ = 
m, dim Jl[A) = oo and, respectively, 3?(A) is closed or not. Notice that 
all just defined sets of operators form a countable decomposition of 
BiTi), denoted by S('H), into nonempty and pairwise disjoint sets. We 
want to show that each of them is Borel in B{'H). To do this, we need 

5.1. Lemma. For each n = 0,1,2, ... , oo, let S„^*('H) be the set of all 
operators A G BlTi) such that dim.3^{A) = n. Then So,*('H) is Qs, 
S„,*('H) is Ta n Qs j or finite n > and Soo,*('H) is T^s in B{}i). 

Proof. We mimic the proof of Theorem 4.2. For fixed finite A^ > 
let F[N] be defined as there. Write U^ \ F[N] = [j'^^^ L^ with each 
L„ weakly compact in V,^ . For T e B(n) let T""^ e B(n^) denote 
the operator Ti^ 3 {xi, . . . ,Xiy) t-)- (Txi, . . . ,Txn) G "H^. Since L„ 
is bounded, the function ip: BiTi) x Ln 3 (T,x) t-)- T^^ x G "H^ is 
continuous when B{l-L) is considered with the norm topology and L„ 
and "H^ with the weak one. Hence '?/'~^({0}) is closed in B{'H) x L„ in 
the product topology of these topologies. Finally, since L„ is weakly 
compact, the set -F„ := p(V'~^({0})) is closed in the norm topology 
of BijK) where p: B{'H) x Ln ^ B{'H) is the projection onto the first 
factor. Thus Gj^ := IJ^i -^n i^ -^o-- Note that Gjy coincides with the 
set of all A G BCH) for which dimN(A) ^ N. 

Now we have £„„,(?/) = G„ \ G„+i for finite n > 0, Soo,*('H) = 
n^i Gn and So,*('H) = B{'H) \ Gi which clearly finishes the proof. D 

Now let CTZiTi) be the set of all closed range operators of BiTi). Our 
next purpose is to show that CTZ{'H) is WOT-Borel (and hence Borel 
as well). This is however not so simple. Firstly, the maps B{'H) 3 
A ^ A* e Bin) and B{n) x B{V) 3 {A, B) ^ AB e B(n) are 
WOT-Borel (cf. [4]), since the first of them is WOT-continuous and 
the second is SOT-continuous on bounded sets. Secondly, closed range 
operators may be characterized in the space i3('H) by means of the 
so-called Moore-Penrose inverse in the following way: 
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5.2. Proposition. An operator A G B{'H) has closed range iff' there 
IS B e Bin) such that ABA = A, BAB = B and AB and BA are 
selfadjoint. What is more, the operator B is uniquely determined by 
these properties and if A has closed range, B = A'^ := (Al , J^^P 
where P is the orthogonal projection onto the range of A. 

The operator A^ appearing in tlie statement of Proposition 5.2 is the 
above mentioned Moore- Penrose inverse of an operator A G C7^('H). 
For the proof of Proposition 5.2, see e.g. [12]. 

In the proof of the next result we use the theorem on Soushn sets 
which states that if Y and Z are separable complete metric spaces, 
5 is a Borel subset of Y and /: 5 — )■ Z is a continuous one-to-one 
function, then f{B) is a Borel subset of Z (see [8, Theorem XIII. 1.9] 
or [15, Corollary A. 7], or [16, Theorem A. 25] for more general result). 

5.3. Theorem. The set Cn{Wj is WOT-Borel. 

Proof. For r > let B^ be the closed ball in i3('H) with center at and 
of radius r equipped with the weak operator topology. Let ipr'- B^ 3 
(T, S) ^ (TST - T, STS - S, S*T* - TS, T*S* - ST) G B^ where 
s := 2(r + 1)^. By the note preceding the statement of the theorem, ipr 
is WOT-Borel. So, the set a := V^r~H{(0, 0, 0, 0)}) is WOT-Borel in Br 
as well. By Proposition 5.2, Cr = {{A, A^): Ae CUCH), A, A^ G Br}. 
So, the projection pr of Cr onto the first factor is one-to-one. But Pr is 
WOT-continuous and Br and Bg are compact metrizable spaces. We 
infer from this that Er := Pr{Cr) is WOT-Borel in Bg. Finally, the 
observation that 5, is WOT-Borel in B(n) and CTZCH) = Ur=i ^n 
finishes the proof. D 

Question 2. Which additive or multiplicative class, in the hierarchy 
of WOT-Borel sets in B(n), the set CTZin) is of? 

Now we are ready to prove the following 

5.4. Theorem. For each /c, n, m = 0, 1, 2, . . . , oo with k finite: 

(a) J^kin) isFng, 

(b) S^^(?^) is J^ \~\ Q (respectively open) provided m or n is finite 
(respectively m = or n = 0), 

(c) Eg 0(7/) is Qs; S° „j('H) is Jv fl Qs for finite n and m; E° „j('H) is 
J^aS if either n or m is infinite (and the other is finite), 

(d) J:l^^{'H)andJ:l^^{'H) are Borel. 

Proof. Clearly, for each finite k the set of all finite rank operators A G 
BiTi) such that dim. Jl{A) ^ k is closed and therefore T^kiTi) is J-" fl ^. 
Further, for each n = 0, 1, 2 . . . , 00 let S„^*('H) be as in Lemma 5.1 and 
let S*,„(?/) = {A*: A e S„,*(?/)}. Observe that S*,„(?/) is of the 
same Borel class as S„,^('H). 
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Suppose that n or m is finite. With no loss of generahty, we may 
assume that n ^ m. Put A; = n — mGZU {— oo}. The set F{k) 
of all semi-Fredholm operators of index k is open in i3('H) (see e.g. 
Proposition XI. 2. 4 and Theorem XI.3.2 in [2]). It may also be shown 
that for each integer / ^ the set Fi{k) of all A G F{k) such that 
dim[N"(A) ^ / is open in i3('H) as well (see e.g. [11, Proposition 5.3]). 
Now the relation ^i^^iU) = Fn{k) \ Fn-i{k) (with F_i(A;) = 0) shows 
(b). Further, since S° .^("H) = T.n^^CH) nS*^m('H) \F{k), we infer from 
Lemma 5.1 the assertion of (c). 

Finally, ^l^^{n) = E^4n)nj:,,ooin)ncnin)\[jZo^nin). So, 

this set is Borel by Theorem 5.3. Since S^ oo(^) i^ ^^e complement in 
jB('H) of the union of all other members of S('H), it is Borel as well. D 

Question 3. Which additive or multiplicative class, in the hierarchy 
of Borel sets in BiTi), the sets T,]^ ool"^) ^-nd Sj^ ooi.'^) ^-re of? 

Now let T be a closed densely defined operator in "H. By a{T) we 
denote the spectrum of T. That is, a complex number A does not 
belong to a{T) iff K(T - A) = {0}, Jl{T - \) = n and (T - X)'^ is 
bounded (the latter condition may be omitted by the Closed Graph 
Theorem). We decompose the complex plane into parts corresponding 
to the members of £(?/): 

• (J^{T) is the set of all 2; G C such that 'Ji{T — z) is finite- 
dimensional, 

• for n,m = 0,1, 2,..., 00 let (7^„j(T) and (^^^(T) be the sets 
consisting of all z G C for which dimK(T — 2;) = n, dim!3^(T — 
z)-^ = m, dim. Jl{T — z) = 00 and, respectively, Jl(T — z) is 
closed or not. 

Notice that C \ (^{T) = o"qq(T) is the resolvent set of T and that the 
above defined sets are pairwise disjoint and cover the complex plane. 
The collection of all of them is denoted by S(T). We say that the 
sets o"^m(T) and cr°^(T) correspond to, respectively, S^^('H) and 
Ti^^iTi). What we want is to prove 

5.5. Proposition. For every closed densely defined operator T in Ti, 
E(T) consists of Borel subsets ofC What is more, card o"-^(T) ^ 1 and 
each member of S(T) different from cr-^(T) is of the same Borel class 
as the corresponding member ofll{l-L). 

Proof. First observe that if 2; G cr^lT), then D(T) = "H and T is 
bounded (since 'NiT — z) is closed). We conclude from this that indeed 
card(T'^(T) ^ 1. Further, since T is closed, there is an operator A G 
B{H) such that Ji{A) = {0} and Jl{A) = T>(T) (e.g. A := (|T| + 1)^1; 
see also [5, Theorem 1.1]). Put C = TA G B{l-i). Notice that for each 
2 G C, 'R{C - zA) = Jl{T - z) and K(C - zA) = A-\J<{T - z)), 
and thus dim[)\f(T — z) = dim[N"(C — zA). It is infered from this that 
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z G (T^„j(T) iS C — zA E T^i^j^iTi). So, the continuity of the function 
C 3 z '^ C - zA e B{n) finishes the proof. D 

We end the paper with notes concerning the so-called residual and 
continuous spectra of an operator. In the literature there are at least 
two different, nonequivalent definitions of them. For some mathemati- 
cians the residual spectrum (XriT) of a closed densely defined operator 
T in a separable Hilbert space "H consists of all A G o"(T) \ (Tp{T) 
such that JliT — A) is closed (e.g. [1]), for others it is the set of all 
A G a{T) \ ap{T) such that ^(T - X) ^ U (e.g. [10]). Similarly, the 
continuous spectrum o-dT) of T for some people means the set of all 
A G IK such that Jl(T — A) is nonclosed (e.g. [1]), for others it coincides 
with o"(T) \ (o'p(T) U CTriT)) (e.g. [10]). Somehow or other — what- 
ever definitions we choose among the above, both the residual and the 
continuous spectra are Borel and are the unions of subfamilies of S (T) . 
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